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Abstract

A noise-reduction algorithm for time-series of non-linear systemsis presented. The
algorithm smoothes the attractors in phase space using B-splines, allowing a more
accurate measure of their dynamics. The algorithm is tested on numerical and
experimental data. Itislinear in complexity, and can be applied to embeddings of any

dimension.
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1. Introduction

This paper introduces a new algorithm for noise reduction of non-linear dynamical
systems. Our approach takes place in phase space. It isbased on sampling the time series
describing the strange attractor of a given system, and on applyi@ysplinesto the

different samples. B-splines are a technique used in geometry $mooth out curves, in

effect removing high frequency components from them. The smoothing introduced by the
splining, when applied to attractors, reduces the amount noise present in the time series
data and allows a more accurate estimation of the dynamics of the strange attractor, such
asit lyapunov spectra, or the different dimensions. For example, our experiments show
that the relative error made in computing the lyapunov exponent of the Rossler attractor
corrupted with only 5% of Gaussian noise can be reduced from 73.21% to 1.73% after
splining. Our method does not require searching of the phase space, is linear in the
number of values in the time-series, is not restricted in the number of elements of the time

series, and works for low-dimensional embeddings as well as higher-dimensional ones.

In the next section we introduce B-spline. Section 3 presents the four steps of our
algorithm: embedding, sampling, B-splining, and merging. Its application to numerical and
experimental datais performed in Section 4.

2. B-splines

Experimental data are always subject to error or noise, andata-fitting is often required
before dynamics can be analyzed. Data-fitting involves the construction of an
approximation to an unknown function based on some finite amount of data on the

function [9]. The use of polynomial splinesis a standard method for data fitting.

When using a polynomial spline to fit a number of prescribed poirns ps,..., pn, the
interval [po,pn] IS partitioned into smaller sections{, Xi], [X«1, %] wherekisa
nonnegative integer X, is thex-coordinate of p, and X is thex-coordinate of p,. Each
section is bridged by a polynomidl(x). Hence the whole spline curve consists of pieces
of different polynomials joined together. The poinis,..,x at which two polynomialsjoin

are calledknots There are several types of splinegpolynomial, interpolation,
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approximation and basic splines The polynomial spline is piecewise polynomial and
continuous over the knots. The interpolation splines passes through all the points, that

is, the knots are at the points. Because the effect of noise on an attractor reconstructed
from an embedding of atime series affects the actual position of the points of the attractor
in the phase space, we chose the approximation spline for our algorithm, and in particular

the basic splines also known asB-splines

B-splines are spline functions that form a basis for the construction of curves from a set of
control points[7]. The B-splines of any degreel, whered is the highest power ofxin a
polynomialP, and with knot values can be defined by the Cox-de Boor recursion

formulafor general B-splines:

b 11 ifx EXEx,
X) =i
() %O elsawhere

(X' Xi)h,k(x) + (Xi+k' X)h+1,k-1(x)

B (X) =
Xi+k-1- )q )§+k- Xi+1

wherei identifies the knot to which this particular B-spline is attached, akds one plus

the degree of the associated polynomial. The knot values are chosen at will.

To obtain an approximating curve oh+1 points attached to the first and last points, we
choose the followingn+k+1 knot values:
x =0 ifO£i<k

X =i-k+l ifkEi£n
X =n-k+2 ifn<if£n+k

Then we construct a curveC as C(x) = énl b(x)p WhereC(x) is the value of the curve at a

particular knot valuex, and is given by summing the product of each control point and the

value of its corresponding basic spline at.
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2.1. B-spline Program in Pseudocode

I nput:
n --- nunber of points
k --- degree of basic splines to be used + 1
multiplier --- (controls nunber of knots to be used)
St eps:

for (knot value =0; knot value <= n-k+1; knot value +=1/multiplier) do
begi n

conpute Q(knot value) = §' R (knotvaue)p
end

3. The algorithm

The input of the algorithm consists of a scalar time series representing the variation of one
of the system’s parameters as a function of time. Thistime seriesis used to reconstruct
the attractor of the system in phase space using delay-time coordinatesl]. The time
seriesisfiltered through several steps, in such away that the attractor of the system,
embedded in aD-dimensional space, gets “smoothed” out. Figure 1 illustrates the

process.

3.1. Embedding

Thefirst step of the processisto create &-dimensional embedding of the time series
VL), using adelayt to separate consecutive coordinates of a given point
X(ty)=(VAts),VAtstt),...V(ts+t (D-1))) and, optionally, a delayd separating the first
coordinate of successive points. Thisembedding isillustrated in Cell 1 of Figure 1. This
resultsin a series of points, such thak(ts), which we abbreviate tax,, has for coordinates
(VAty),-.., Vtstt (D-1))) whilexs; has for coordinates {(ts+d),..., VAts+d+t (D-1))).

3.2. Sampling

In the sampling step, the points ifD-space are sampled to fornS different curves, as

illustrated in Cells 2 and 3 of Figure 1, where the selected point of a sample are shown as
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circles. The sampling algorithm simply scans the series of pointsand assigns points to
each of the separate sample curves, in succession. Assuming that the sample curves are
referred to asCy, Cy, ..., Cs, Point Xy is assigned toCy, X; to Cy, ... X110 Cs4, Xst0 Co,

Xs+1, 10 Cy, and so on, until all points are assigned to a sample curve.

3.3. Generating B-Splines

In the smoothing step, the sample curve€,, C,, ... Cs, areindividually processed and for
each one aB-splineis generated. The B-spline associated with a sample curvelpoints
contain Pm points, wherem is themultiplier associated with the splining process. Cells4
and 5 of Figure 1 show the two B-splines resulting for the two samples. In Cell 4 the B-
spline is shown as a dotted line, whilein Cell 5 the B-spline is shown with a dashed line.
The smoothness of the B-splinesis directly influenced by the multipler The higher the

value of m, the smoother the spline.

3.4. Merging

The final step takes theS B-spline curves and merges them into one. Figure 2 illustrates
this process for the caseS=2, selected here for simplicity. First the two curves are
aligned, that is the first point of the first curve (using squares as markers) is compared to
the first few points of the second curve (marked with full circles). The circled-point that is
the closest to the first square is then paired up with it, and all successive points from the

. two curves are paired up in succession, until no new pairs can be found. Each pair now

neet Flguhrsri contains a point from the first curve and a point from the second curve. Our process does

not guaranty that the overall average distance between all paired-pointsis the smallest, but

itissimpler and yield good results.

Once the pairs are formed, the middle point, atenter of gravity of each pair is
computed. This center of gravity is computed assuming that all the points have equal

weight. The curve with hollow circlesin Figure 2 shows the resulting curve.

We found that this sample-and-merge process is necessary, and that using only one B-

spline for the whole time series resulted in poor estimation of the dynamics of the system.
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One interesting note here, is that the method of flow approximation presented by Enge et
al. [2], isreminiscent in style of the process of sampling the time series, and merging

them, without computing the B-splines.

3.6. Algorithmic Complexity.

Clearly the embedding and sampling phases haé&n) complexity, wheren is the number
of data pointsin the original time series. Computing the B-spline curves requires
O(n(k+21)m), or O(nkm) steps, wherek is the degree of the spline plus one, andh the
multiplier. The merging process is sequential in the number of points to merge, and its
complexity iSO(nm). The overall complexity is therefore controlled by the splining
process of O(nkm). Sincek and m are constants linked only to the generation of
polynomials in the B-splines, and do not depend am the algorithm is essentially linear in
the number of data pointsin the time series. Table 1 summarizes al the parameters of

interest controlling the algorithm.

Parameter Description

n Total number of points

k Degree of spline polynomial
plus one

m Multiplier. Controls how many
more points are used in the B-
spline

S Number of B-spline curves

Table 1: Parameters controlling noise-reduction algorithm.
4. Application. The lyapunov exponent

To test our algorithm we use Wolf’ s lyapunov exponent-computation algorithm and apply
it to three attractors, two numerical: the Duffing attractor]], and the Réssler

attractor[8], and one experimental: the time series of Data Set A, from the Santa Fe
competition [12]. For the first two we add various amounts of Gaussian noise and apply
our noise reduction algorithm, comparing the lyapunov exponent of the noisy and

smoothed attractor to the theoretical value.
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4.1. The Duffing attractor

Figure 3 shows the Duffing attractors (parameterd=0.1, g=12, andw=1, n=4096 points),
with 5%, 10% and 15% of Gaussian noise on the left, along with their smoothed version
the right hand side. A 5% additive noise is characterized by its maximum amplitude
reaching 5% of the maximum range of variation of the parameter of interest. In all the
cases presented here, the value of the number of B-spline curv&ds 8, whilem, the
multiplier of number of pointsin the B-splinesis equal to 4. We found thbt=g8, m=4)
provided the most accurate reconstructionsin terms of the precision obtained in

computing the lyapunov exponent.

Table 2 shows the results of computing the lyapunov exponehtusing our adaptive
version of Wolf’s algorithm10] for the different attractors of Figure 3. We see that the
B-spline algorithm maintains the relative error on the computation of the lyapunov

exponent to approximately 5% for all levels of noise.

Noise level Attractor with additive noise Smoothed attractor
Lyapunov exponentl | relative error || Lyapunov exponent relative
error
0% 0.136667 -5.7%
5% 0.179893 24.01% 0.153359 5.7%
10% 0.175005 20.64% 0.137794 -5.0%
15% 0.165416 14.03% 0.135663 -6.4%

Table 2. Comparison of lyapunov exponents obtained using Wolf’ s method for Duffing
attractors. The 0% noise entry is shown here for the purpose of providing an evaluation
of the accuracy of our implementation of Wolf's algorithm. For reference we use
=0.145064 as the theoretical first lyapunov exponent of the Duffing attractor.
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4.2. The Rossler attractor

Luo and Thiebaut

Figure 4 shows the same situation, but this time with the Rossler attractor (4096 points).

Table 3 presents the different values for along with the relative error incurred in its

computation.
Noise level Raw (unfiltered) attractor Filtered attractor
lyapunov exponent | relative error || lyapunov exponent | relative error
0% 0.123246 -5.74%
5% 0.227694 74.21% 0.135097 3.36%
10% 0.219965 68.30% 0.140490 7.48%
15% 0.204769 56.67% 0.145978 11.68%

Table 3: Comparison of lyapunov exponents obtained for the raw and filtered Rossler
attractors. The 0% noise entry provides an evaluation of the accuracy of our
implementation of Wolf' s algorithm. For reference, we use=0.130701 as the

theoretical first lyapunov exponent of the Rossler attractor.

Here the smoothing has an even more dramatic effect on the reduction of the relative error

in the computation of the lyapunov exponent.

4.3. Data set A, from the Santa Fe competition.

Data Set A from the Santa Fe competition12] represents 10,000 measurements of a Far-

Infrared-Laser in a chaotic state. Detailed information on Data Set A can be found

elsewhere [4]. Because this data set has been widely analyzed and tested p,6], best

values for the dimensions, delays and other parameters have been determined, and allow a

direct application of our algorithm, further enabling its future comparison to other noise-

reduction schemes. Table 4 summarizes the parameters characterizing Data Set A.
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Parameter Value

Embedding dimension >=5[6]
Embedding delayt 2[6,4]or 3 [4]

Correlation dimension R 2.06 [4]

Table 4: Some important parameters relating to Data Set A.

(Numbersin brackets correspond to references where the values are reported.)
Because the embedding dimension for Data Set A’ s attractor is five or larger, we cannot
show it, but we can still apply our algorithm. While B-splines are defined for two
dimensions only, we can easily extend their application to an attractor in 5-space by simply
applying our algorithm to two dimensions at atime. Coordinates for Dimensions 1 and 2
are treated first, asif they represented a 2-dimensional attractor. Then Dimensions 3 and
4, and finally Dimensions 4 and 5. When combining them back together to get a smoother

5-dimensional attractor, the second set of numbers for Dimension 4 is discarded.

Figure 5 shows the value of the first lyapunov exponehtobtained for the attractor of

Data Set A, and for its smoothed version, as the embedding dimension isincreased from 3
to 8. The computation of the lyapunov exponent on the smoothed attractor becomes
more stable once Dimension 5 is reached, and averages 0.01655. Thisvalue is smaller
than that computed by Kantz $], and might be attributed to the fairly smalh..x value we
chose to control point-replacement in Wolf’s algorithm. Where Kantz uses absolute
values for Snax, We use limits that are relative to the maximum range of variation of the

coordinates, specifically 2% of the maximum variation of the coordinates of the points.

5. Conclusion

We presented an algorithm that reduces noise in strange attractors by smoothing them
using B-splines. Thisalgorithm islinear in terms of the number of samplesin the time
series and only afew parameters control its behavior. We applied the noise-reduction
algorithm to numerical and experimental attractors and showed that the original dynamics,

measured in the form of the lyapunov exponent, are conserved. The algorithm is not
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limited to 2- or 3-D attractors, and adapts readily to higher dimensions. Furthermore, the
algorithm is not sensitive to the length of the data series, and works for short data series as
well as for long ones.

In the case of the experimental algorithm, the smoothing introduced by the algorithm
yields a smaller range of variation of the lyapunov exponent over increasing embedding

dimensions.
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List of Figures:

Figure 1 The phases of the algorithm. In Step 1 the time seriesisimbedded in a D-
dimensional space (D is selected here as 2 for the purpose of illustration). In Steps 2 and
3 the points forming the attractor are sampled to create sample curves (herenis2). In
Steps 4 and 5 the sample curves are smoothed using B-splines (dotted and dashed lines).
Finally, the resulting splines are merged in Step 6 to create the smoothed attractor (solid
line).

Figure 2 Two B-spline curves are merged. a) Two B-spline curves are selected. b) The
curves are first “aligned,” a process in which points from the two curves are paired up.
The middle point of each pair is then computed, and the resulting “average” curveis
generated (c). Thetwo original B-splines have been merged.

Figure 3 Result of noise-reduction algorithm on the Duffing attractor artificially
corrupted with 5%, 10% and 15% Gaussian noise

Figure 4 Result of noise-reduction algorithm on the Réssler attractor artificially
corrupted with 5%, 10% and 15% Gaussian noise.

Figure 5 Lyapunov exponent of the Santa Fe Data Set A, as a function of the embedding
dimension.
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Table I Parameters controlling noise-reduction algorithm.

Table 2 Comparison of lyapunov exponents obtained using Wolf’s method for Duffing
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of the accuracy of our implementation of Wolf’s algorithm. For reference we use

| =0.145064 as the theoretical first lyapunov exponent of the Duffing attractor.

Table 3 Comparison of lyapunov exponents obtained for the raw and filtered RGssler
attractors. The 0% noise entry provides an evaluation of the accuracy of our
implementation of Wolf’s algorithm. For reference, we ube=0.130701 as the theoretical
first lyapunov exponent of the Rossler attractor.

Table4 Some important parametersrelating to Data Set A.
(Numbers in brackets correspond to references where the values are reported.)
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Figure 1. The phases of the algorithm. In Step 1 the time seriesisimbedded in a D-
dimensional space (D is selected here as 2 for the purpose of illustration). In Steps 2 and
3 the points forming the attractor are sampled to creata sample curves (herenis2). In
Seps 4 and 5 the sample curves are smoothed using B-splines (dotted and dashed lines).
Finally, the resulting splines are merged in Step 6 to create the smoothed attractor (solid

line).
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Figure 2. Two B-spline curves are merged. a) Two B-spline curves are selected. b) The
curves arefirst “ aligned,” a process in which points from the two curves are paired up.
The middle point of each pair is then computed, and the resulting “ average” curveis

generated (c). The two original B-splines have been merged.

15 of 19



Smoothing Strange Attractorswith Splines Luo and Thiebaut

Title: Title:
Creator: gnuplot Creator: gnuplot
CreationDate: CreationDate:

a). Duffing attractor with 5% Gaussian noise.

Title: Title:
Creator: gnuplot Creator: gnuplot
CreationDate: CreationDate:

b). Duffing attractor with 10% Gaussian noise.

Title: Title:
Creator: gnuplot Creator: gnuplot
CreationDate: CreationDate:

¢). Duffing attractor with 15% Gaussian noise.

Figure 3. Result of noise-reduction algorithm on the Duffing attractor artificially
corrupted with 5%, 10% and 15% Gaussian noise
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a). Rossler attractor with 5% Gaussian noise.

Title: Title:
Creator: gnuplot Creator: gnuplot
CreationDate: CreationDate:

b). Rossler attractor with 10% Gaussian noise.

Title: Title:
Creator: gnuplot Creator: gnuplot
CreationDate: CreationDate:

c). Rossler attractor with 15% Gaussian noise.

Figure 4. Result of noise-reduction algorithm on the Rossler attractor artificially
corrupted with 5%, 10% and 15% Gaussian noise.
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Figure 5. Lyapunov exponent of the Santa Fe Data Set A, as a function of the embedding
dimension.
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