Extremal problems on triangle areas in the plane and in three-space
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1 Introduction

Extremal problems on triangle areas have been first
investigated by Erdés and Purdy in the early 1970s
[10, 11, 12]. Here we make a new round on some old
and some new variants of triangle area problems in two
and three dimensions.

In the plane we prove: (i) The number of triangles
of minimum (nonzero) area determined by n points is
at most n? — m; this is (roughly) within a factor of
2 of the current best lower bound. (ii) The number
of acute triangles of minimum area determined by n
points is O(n); this is asymptotically tight. (iii) For
points in convex position, the number of triangles of
minimum area is O(n); this is asymptotically tight. (iv)
For points in general position (no three collinear), there
exist n-element point sets that span Q(nlogn) triangles
of minimum area.

In three-space we prove: (i) The number of minimum
area triangles is O(n?); this is asymptotically tight. (ii)
There exist n-element point sets that span Q(n*/?) tri-
angles of maximum area. (iii) The number of unit area
triangles spanned by n points is at most O(n®/25(n)),
where (§(n) is an extremely slowly growing function of
n. (iv) A set of n points, not all on a line, determines at
least Q(n?//B(n)) triangles of distinct areas that share
a common side (here (n) is an extremely slowly grow-
ing function of n).

2 Triangles of minimum area in the plane

The general case. Braf}, Rote, and Swanepoel [4]
have given an O(n?) upper bound on the number of
minimum area triangles determined by n points, and
pointed out two examples which attain this bound: (i)
a \/n X y/n square lattice section, and (ii) two groups
of n/2 equidistant points on two parallel lines. The
latter example has about n?/2 minimum area triangles.
Here we employ a new very simple but effective charging
scheme which assigns each triangle of minimum area
to one of its longest sides. At most two triangles get
assigned to each of the (g) segments, and this yields:

*Department of Computer Science, University of Wisconsin-
Milwaukee, WI 53211, USA, email: ad@cs.uwm.edu

tDepartment of Mathematics, MIT, Cambridge, MA 02139,
USA, email: toth@math.mit.edu

Csaba D. Té6thf

Theorem 1 The number of triangles of minimum
(nonzero) area determined by n points in the plane is
at most n®> — n.

Acute triangles. In the above-mentioned example of
n points placed on two parallel lines there are only n— 2
acute triangles of minimum area, and based on this, one
may think that the maximum number of acute triangles
of minimum area is only linear. Indeed, the example
was no exception:

Theorem 2 The number of acute triangles of mini-
mum area determined by n points in the plane is O(n).

Convex position. For points in convex position we
prove an O(n) upper bound, which is asymptotically
tight (a regular n-gon has n triangles of minimum area).

Theorem 3 The mazimum number of triangles of min-
imum area determined by n points in convex position in
the plane is O(n).

General position. For points in general position (i.e.,
no three collinear), we believe that the maximum num-
ber of triangles of minimum area is close to linear:
we can prove an 2(nlogn) lower bound, but no sub-
quadratic upper bound for now. For the lower bound:
a recent result in [8] shows that there exist n-point sets
in general position with Q(nlogn) empty congruent tri-
angles. We only have to ensure that the construction
can be carried out so that these triangles also satisfy
the minimum area condition, which we do and thereby
obtain:

Theorem 4 For all n, there exist n-element point sets
in general position in the plane that span Q(nlogn) tri-
angles of minimum area.

3 Triangles in the space

In the sequel, we use (n) to denote any function of
the form exp(a(n)®()), where a(n) is the extremely
slowly growing inverse Ackermann function. Any func-
tion B(n) is also extremely slowly growing.

Minimum area. Similarly to the planar example, one
can place n equally spaced points on the three parallel
edges of a prism, whose base is an equilateral triangle,
such that inter-point distances are small on each edge.
This yields about 2n?/3 minimum area triangles. The



following theorem shows that this bound is optimal up

to a constant factor. The upper bound is based on the

same charging scheme that we use in the planar case,

which assigns each triangle of minimum area to one of

its longest sides. It turns out that at most a constant
n

number of triangles get assigned to each of the (2) seg-
ments, which implies:

Theorem 5 The number of minimum area triangles in

R? is O(n?).

Maximum area. Abrego and Ferndndez-Merchant [1]
showed that one can place n points on the unit sphere
in R? so that they determine Q(n*/?) pairwise distances
of V/2 (see also p. 261 in [3]). They also showed that
one can obtain the same number Q(n*/3) of congruent
copies of any given triangle T'. By selecting T as a right
angled isosceles triangle, we can also also ensure that T'
has maximum area among all triangles, and thus obtain
the following result:

Theorem 6 There exist n-element point sets in R® that
span Q(n*/?) triangles of mazimum area.

Unit areas. Erdés and Purdy [10] showed that a suit-
able (very thin) section of the integer lattice containing
n points determines §2(n? loglog n) triangles of the same
area. Clearly, this bound is also valid in three-space. An
upper bound of O(n®/?) on the number of unit triangle
areas in 3D has been also derived in the same paper.

Using a decomposition method of Chazelle et al. [6],
and following the partition technique of Clarkson et
al. [7], we prove an upper bound on the number of point-
cylinder incidences in R?, when the axes of all cylinders
pass through the origin.

Lemma 7 Given a set S of n points and a set D of m
(circular) cylinders in three-space with their azes pass-
ing through the origin, the number of point-cylinder in-
cidences is bounded by

Ir(S, D) = O@**m>*B(n) + nB(n) + m).

Using Lemma 7, we can further show that given a
set S of n points in three-space and any point p € S,
the number of unit area triangles spanned by S and
incident to p is at most O(n*/24(n)). By summing over

all points in S we obtain an improvement over the old
O(n®/?) bound:

Theorem 8 The number of unit area triangles spanned
by n points in three-space is at most O(n®/?[(n)).

Distinct areas. We show that every set S of n points
in three-space determines almost Q(n?/?) triangles with
distinct areas that share a common side. For triangle
areas in the plane, we have a similar phenomenon. By
an argument of Burton and Purdy [5], every set S of n

non-collinear points in the plane determines Q(n) trian-
gles with distinct areas which share a common side. The
current record is £n—O(1) ~ 0.4473n [9]. The tools we
use in obtaining the 3D lower bound are a famous result
of Beck [2] and Lemma 7 applied to bound incidences

between the points and a suitable set of cylinders.

Theorem 9 A set of n points in R®, not all on a line,
determines at least Q(n?/3/B(n)) triangles of distinct
areas. Moreover, all these triangles share a common
side.
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