Bounded-Curvature Paths in Narrow Simply Connected Polygons

Jonathan Backer (backer@cs.ubc.ca) and David Kirkpatrick (kirk@cs.ubc.ca)

Introduction

A path has curvature at most c if two circles of radius ¢ can be placed tangent to any given point on the
path (see Figure 1(a)), which restricts how quickly the path turns left or right. Such paths approximate the
forward motion of vehicles with a restricted turning radius such as cars and bicycles. We are interested in
finding bounded-curvature paths between specified states that avoid polygonal obstacles, where a state is a
fixed position and orientation. Note that we can assume that the curvature bound is one by suitable scaling.

(a) Wedged between circles. (b) Cycling behaviour.
Figure 1: Bounded-curvature paths.

The feasibility question simply asks if a unit bounded-curvature path exists. One optimization variant
asks for the largest ¢ such that a path exists. Another variant asks for the shortest shortest unit bounded-
curvature path.

Related Work

Finding the shortest unit bounded-curvature path amidst arbitrary obstacles is NP-hard [4]. However, there
are efficient exact algorithms for restricted domains [1, 5], and there exists an efficient approximation algo-
rithm [5], which is incomplete because it may not find a bounded-curvature path even if one exists.

The run-time complexity of finding a feasible bounded-curvature path amidst polygonal obstacles is
unknown; the best algorithm to date is exponential in time and space [3]. Bereg and Kirpatrick [2] investigate
narrow corridors, which roughly correspond to roadways that do not contain a unit circle (i.e. no U-turns).
They identify a minimum corridor width that guarantees the existence of a unit bounded-curvature path and
a greedy algorithm to find such a path in such corridors. One of their open problems is to find such a path
in corridors with a width below the threshold.

Contributions

QOur poly-time solution to this open problem applies to the more general domain of simply connected polygons
that do not contain a unit disc. The tools that we develop are the beginning of a poly-time complete
approximation algorithm.

Our first tool is further path normalization. We start with a shortest bounded curvature path because it is
a sequence of simple transitions between obstacle contacts. We then perturb it to constrain these transitions,
which lower bounds the difference between distinct states at a contact point (algebraic complexity) and
provides a combinatorial path description (i.e. in terms of the obstacles contacted and the type of transition
between contacts). This normalization works amidst arbitrary polygonal obstacles. In our restricted domain,
we identify a path monotonicity that prevents the cycling behaviour of Figure 1(b).



Our second tool is a covering argument that limits the number of paths considered. Normalization already
reduces the space of considered paths to a countable set, but to get a poly-time algorithm we ignore redundant
paths. Figure 2(a) illustrates the range of contacts possible at corner B from a single state at corner A. To
find a path from a start state to a final state, we can combine a path from a start state to the state at A with
any path from a state in the range at B to the end state. Suppose that we have a paths from the start state
to the states ©;,0,0,. at corner A in Figure 2(b). Then O is redundant with respect to corner B because
its range at B is covered by ©; and O,..

(a) A range of jumps is possible (b) The range of jumps varies mono- (c¢) Diminishing range.
tonically with the initial state

Figure 2: Range of jumps from corner A to corner B

Unfortunately, no finite set of states covers the entire range because the range covered by a state diminishes
as its orientation changes (see Figure 2(c)). However, our algebraic complexity bound renders covering the
entire range unnecessary. Our third tool is an argument akin to the argument for convergence of Newton-
Raphson root finding. It limits the number of non-redundant states considered at A given B to O(n + m),
where n is the maximum number of contacts on the path to the state at A and m is a measure of the input
precision. The path monotonicity previously mentioned bounds n by the complexity of the obstacle polygon.

Future Work

The current incomplete approximation algorithm uniformly samples the range of possible contacts at each
obstacle. By augmenting this sampling with the non-uniform covering scheme used by our feasibility al-
gorithm, we suspect that we can get a poly-time complete approximation algorithm for simply connected
polygons that do not contain a unit circle.

Interesting open questions are “Is there a bound on n for more general domains?”’ and “Can we find an
algorithm which is polynomial in description of the shortest path description?”
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