
Planar Minimally Rigid Graphs and

Pseudotriangulations

November 21, 2003

0



Planar Minimally Rigid Graphs

and Pseudotriangulations

I. Rigid Graphs.

II. Robot Arms

III. Pseudotriangles
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Part I: Rigidity of Graphs
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Construct the graph G in R
2 using in
exible bars for the

edges and rotatable joints for the vertices. This immersion

is rigid if the only motions of this structure are trivial

(rotations and translations).
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Intuition: How many edges are necessary to make a rigid

body with V vertices?
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Total degrees of freedom: 2V .
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Intuition: How many edges are necessary to make a rigid

body with V vertices?

u-6 u-6
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Total degrees of freedom: 2V:

Adding an edge can remove a degree of freedom.
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In the end you will still be able to translate and rotate.

-

6

u u

u

L
L
L
L
LL

u u

u

L
L
L
L
LL

-

6

-

6

u

u u

!!!!!

Thus, if G is rigid in R
2 then E � 2V � 3.
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A graph is rigid in R
2 if some embedding of it is.

Turns out, if some embedding is rigid then most are.
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Aside: When the vertices are not in general position, can

get non-rigid embedding. (rigid but not in�nitesimally

rigid)

1
2

3

4

5

1

2

3

4

5

We’ll be concerned with vertices in general position.

(Generic Rigidity)
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A graph is minimally rigid (2-isostatic) in R
2 if removing

any edge results in a graph that is not rigid.
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These are not minimally rigid.
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Theorem (Laman, 1970) A graph is minimally rigid if

and only if EG = 2VG � 3 and for any subgraph H with at

least 2 vertices, EH � 2VH � 3.
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V = 4 then

E = 2 � 4 � 3 = 5
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Theorem (Laman, 1970) A graph is minimally rigid if

and only if EG = 2VG � 3 and for any subgraph H with at

least 2 vertices, EH � 2VH � 3.
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V = 4 then V = 5 then

E = 2 � 4 � 3 = 5 E = 2 � 5 � 3 = 7
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Theorem (Laman, 1970) A graph is minimally rigid if

and only if EG = 2VG � 3 and for any subgraph H with at

least 2 vertices, EH � 2VH � 3.
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V = 4 then V = 5 then

E = 2 � 4 � 3 = 5 E = 2 � 5 � 3 = 7
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Current Applications of Rigidity.

� robotics (Streinu, Connelly, Demaine, Rote)

� geometrical properties of molecular, conformations

including protein folding (Whitelely, Thorpe)

� molecular modelling, (Bezdek, Streinu, and others)
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Part II: Robot arms and Carpenter’s Rule

Given any planar embedding of a path can it be

straightened?

Move edges without crossing them!
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What about moving one embedding of a graph to another?

Trees?
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Trees can Lock!

(Beidl, Demaine, Demaine, Lubiw, O’Rourke, Overmans,

Robbins, Streinu)
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Can any planar embedding of Cn be convexi�ed?
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Can any planar embedding of Cn be convexi�ed?

Yes! Connelly, Demaine, Rote; nicer algorithm by Streinu.
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Part III: Pseudotriangles

A pseudotriangle has 3 convex corners:
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A pseudotriangulation is an embedding of a planar graph in

which all interior faces are pseudotriangle. The exterior

face is convex.
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In minimum pseudotriangulation every vertex will be

pointed.
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