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To My Students





PREFACE

This book is a research monograph on a topic that falls under both
combinatorial geometry, a branch of mathematics, and computational
geometry, a branch of computer science. The research described is recent:
the earliest dates from the mid 1970s, and the majority is from the 1980s.
Many of the results discussed have not yet been published. Advances
continue to be made, especially on the algorithms side of the topic, and I
have suffered the frustration of seeing each draft grow out of date before it
was completed. Although the area of art gallery theorems has not stabilized,
I believe the time is ripe for a survey, for two reasons.

First, the material is fascinating and accessible, and should be made
available to a wider audience. Although this monograph is not a traditional
textbook (there are no exercises, for example), I have used some of the
material to great effect in a graduate/undergraduate course on computa-
tional geometry. The only prerequisites for understanding the material are
basic graph theory, data structures, and algorithms. Thus it is easily
accessible to upper-level undergraduates, or indeed to the "amateur." I
have found that students can become very excited at rinding themselves so
quickly at the frontier of knowledge, with a chance of extending the frontier
themselves (and several of mine have).

Second, I hope that this monograph will accelerate the maturing of the
field by drawing attention to the many open problems. These consist of two
types: finding more succinct proofs of the theorems, and proving or
disproving the conjectures. There is a history in this field of proofs being
drastically shortened after a few years, and I expect some of the more
ungainly proofs in this book also will be similarly upstaged. The conjectures
are certainly not all equally difficult. Some may be open only because no
one has tried hard enough to settle them (edge guards?), some are open
because they appear to be genuinely difficult (polygons with holes?), and
some seem to await the new idea that will solve them in a single stroke
(prison yard problem?). I will be disappointed if many of the unsolved
problems posed in this book are not solved in the next decade.

The plan of the book is partly chronological, and partly determined by
the logical progression of the topics. The first chapter covers the original art
gallery theorem (|/*/3j guards are necessary and sufficient), and basic
polygon partitioning algorithms. I have found this material to form a
suitable introduction to computational geometry. Chapter 2 focusses on the
important subclass of orthogonal polygons, and offers several proofs of the
orthogonal art gallery theorem ([n/4j guards are necessary and sufficient).
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Chapter 3 extends the two main theorems of the previous chapters to
"mobile" guards. Several miscellaneous results are gathered together in
Chapter 4. These first four chapters cover the best-developed aspects of the
topic, and contain few open problems.

Chapter 5 discusses polygons with holes, containing proofs of one-hole
theorems for general and orthogonal polygons. No general theorems for
multiple-hole polygons have been obtained to date. Chapter 6 investigates
exterior visibility, and establishes a pleasing counterpart to the original art
gallery theorem ([«/3] guards are necessary and sufficient for the exterior).
This chapter also discusses the "prison yard" problem, another tantalizing
unsolved problem. Chapter 7 presents several results and questions from
recent investigations into the properties of visibility graphs. The central
problem of characterizing such graphs remains far from solution. The topic
of Chapter 8, visibility algorithms, is in considerable flux at this writing, but
the critical problem of computing visibility graphs in subquadratic time
remains unsolved. Chapter 9 establishes the intractability of most questions
of optimal guard placement. The challenge here is to find tractable
restrictions. Chapter 10 closes with several related miscellaneous results and
unsolved problems.

Baltimore J.O'R.
August 1986
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POLYGON PARTITIONS

1.1. INTRODUCTION

In 1973, Victor Klee posed the problem of determining the minimum
number of guards sufficient to cover the interior of an n-wall art gallery
room (Honsberger 1976). He posed this question extemporaneously in
response to a request from Vasek Chvatal (at a conference at Stanford in
August) for an interesting geometric problem, and Chvatal soon established
what has become known as "Chvatal's Art Gallery Theorem" (or some-
times, "watchman theorem"): [n/3\ guards are occasionally necessary and
always sufficient to cover a polygon of n vertices (Chvatal 1975). This simple
and beautiful theorem has since been extended by mathematicians in several
directions, and has been further developed by computer scientists studying
partitioning algorithms. Now, a little more than a decade after Klee posed
his question, there are enough related results to fill a book. By no means do
all these results flow directly from Klee's problem, but there is a cohesion in
the material presented here that is consistent with the spirit of his question.

This chapter examines the original art gallery theorem and its associated
algorithm. The algorithm leads to a discussion of triangulation, and a
reexamination of the problem brings us to convex partitioning. The
common theme throughout the chapter is polygon partitioning. Subsequent
chapters branch off into specializations and generalizations of the original
art gallery theorem and related algorithmic issues.

1.2. THE ORIGINAL ART GALLERY THEOREM AND
ALGORITHM

1.2.1. The Theorem

Problem Definition

A polygon P is usually defined as a collection of n vertices vlt v2, . . . , vn

and n edges vlv2, v2v3, . . . , vn_1vn, vnv1 such that no pair of non-
consecutive edges share a point. We deviate from the usual practice by

1
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defining a polygon as the closed finite connected region of the plane
bounded by these vertices and edges. The collection of vertices and edges
will be referred to as the boundary of P, denoted by dP; note that dP c P.
The term "polygon" is often modified by "simple" to distinguish it from
polygons that cross themselves, but in this book all polygons are simple, so
we will drop the redundant modifier. The boundary of a polygon is a
"Jordan curve": it separates the plane into two disjoint regions, the interior
and the exterior of the polygon. A polygon of n vertices will sometimes be
called an rc-gon.

Let us say that a point x e P sees or covers a point y e P if the line
segment xy is a subset of P: xy c P. Note that xy may touch dP at one or
more points; that is, line-of-sight is not blocked by grazing contact with the
boundary. For any polygon P, define G(P) to be the minimum number of
points of P that cover all of P: the minimum k such that there is a set of k
points in P, {x1} . . . , xk), so that, for any y e P, some xh 1 < z < k, covers
v. Finally, define g(n) to be the maximum value of G(P) over all polygons
of n vertices.

Klee's original art gallery problem was to determine g(n): the covering
points are guards who can survey 360° about their fixed position, and the art
gallery room is a polygon. The function g(n) represents the maximum
number of guards that are ever needed for an n-gon: g(n) guards always
suffice, and g{n) guards are necessary for at least one polygon of n vertices.
We will phrase this as: g(n) guards are occasionally necessary and always
sufficient, or just necessary and sufficient.

Necessity

A little experimentation with small n quickly establishes a lower bound on
g{n). Clearly a triangle needs exactly one guard, so g(3) = 1. Even a
non-convex quadrilateral can be covered by a single guard, so g(4) = 1. It is
slightly less obvious that g(5) = 1, but there are only three distinct "shapes"
of pentagons possible: those with 0, 1, or 2 reflex vertices (those with
interior angle larger than 180°), and all three can be covered with one
guard; see Fig. 1.1. For n = 6, there are two shapes (also shown in Fig. 1.1)
that need two guards, so g(6) = 2. The second shape easily generalizes to a
"comb" of k prongs and n = 3k edges that requires k guards (Fig. 1.2)
(Chvatal 1975). This establishes that g(n) > [n/3\.

This situation is typical of the art gallery theorems that we will examine
later: it is often easy to establish a lower bound through a generic example
that settles the "necessity" of a particular formula. The difficult part is
establishing sufficiency, as this needs an argument that holds for all
polygons. Before showing our first sufficiency proof, we will briefly explore
a few approaches that do not work.

False Starts

The formula g{n) > [n/3\ could be interpreted as: one guard is needed for
every three vertices. Phrased in this simple form, it is natural to wonder if
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= 3

Fig. 1.1. Polygons with 5 or fewer vertices can be covered by a single guard, but some
6-vertex polygons require two guards.

perhaps a guard on every third vertex is sufficient. Figure 1.3 shows that
such a simple strategy will not suffice: xm in the figure will not be covered if
guards are placed on all vertices i with i = m(mod 3).

A second natural approach is to reduce visibility of the interior to
visibility of the boundary: if guards are placed such that they can see all the
paintings on the walls, does that imply that they can see the interior? Not
necessarily, as Fig. 1.4 shows: guards at vertices a, b, and c cover the entire
boundary but miss the internal triangle Q.

A third natural reduction is to restrict the guards to be stationed only at
vertices. Define a vertex guard to be a guard located at a vertex; in contrast,
guards who have no restriction on their location will be called point guards.
Define gv{n) to be the number of vertex guards necessary and sufficient to
cover an n-gon. Is gv(n) = g(ri)! Certainly there are particular polygons
where the restriction to vertices weakens the guards' power: Fig. 1.5 shows
one that needs two vertex guards but a single point guard placed at x suffices

Fig. 1.2. Each prong of the comb requires its own guard. Here n = 15 and 5 guards are
needed.
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Fig. 1.3. Guards on every third vertex will not cover one of the points x0, x1> or x2.

to cover the entire polygon. But g{n) summarizes information about all
polygons, so this particular case has no more impact on our question than
does the existence of n-gons needing only one guard have on the value of
g(n). It turns out that in fact gv(n) = g(n) and that the reduction is
appropriate. Its validity will fall out of the sufficiency proofs presented
below, so we will not establish it independently. The reader is forewarned,
however, that we will encounter many problems later for which the
reduction to vertex guards is a true restriction and changes the problem in a
fundamental way.

Fisk's Proof

We will step out of chronological order to sketch Fisk's sufficiency proof,
which came three years after Chvatal's original proof (Fisk 1978; Honsber-
ger 1981). Fisk's proof is remarkably simple, occupying just a single journal
page. Its explication will introduce several concepts to which we will return
later.

The first step in Fisk's proof is to "triangulate" the polygon P by adding
internal diagonals between vertices until no more can be added. It is not
obvious that a polygon can always be partitioned into triangles without
adding new vertices this way; it is even less obvious how to perform the
partition with an efficient algorithm. Triangulation is an important topic,

Fig. 1.4. Guards at a, b, and c cover the boundary but not the interior of the polygon.
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Fig. 1.5. Point guards are more powerful than vertex guards.

and will be covered in depth in Section 1.3. For now we will just assume
that a triangulation always exists.

The second step is to "recall" that the graph of a triangulated polygon can
be 3-colored. A k-coloring of a graph is an assignment of colors to the
nodes, one color per node, using no more than k colors, such that no two
adjacent nodes are assigned the same color. The nodes of the triangulation
graph correspond to the vertices of the polygon, and the arcs correspond to
the original polygon's edges plus the diagonals added during triangulation.
Because a triangulation graph is planar, it is 4-colorable by the celebrated
Four Color Theorem (Appel and Haken 1977). We will have to wait for the
discussion of triangulation to formally prove that triangulation graphs of
polygons are 3-colorable. Let us here just make the claim at least plausible
via an example.

Consider the triangulation shown in Fig. 1.6a. Pick an arbitrary triangle,
say acg, and 3-color it as shown with the colors 1, 2, and 3. The three
diagonals ac, eg, and ga force the nodes b, e, and i to be colored 3,1, and 2,
respectively. Now diagonals involving the just-colored nodes force other
colorings, and so on. The result is the coloring shown in Fig. 1.6b, which is
unique given the initial arbitrary coloring of the first triangle: every "move"
is forced after that, and since the polygon has no holes, the coloring never
wraps around and causes a conflict. This argument will be formalized in
Section 1.3.1.

Let us assume that the triangulation graph of a simple polygon can be
3-colored, and finish Fisk's proof.

The third step is to note that one of the three colors must be used no
more than 1/3 of the time. Although this is obvious, let me be explicit since

a b

Fig. 1.6. Three-coloring of a triangulation graph starting from acg.
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variants of this argument are used throughout the book. Let a, b, and c be
the number of occurrences of the three colors in a coloring, with a < b < c.
The total number of nodes is n, so a + b + c = n. Ifa>n/3, then the sum of
all three would be larger than n. Therefore, a < [n/3\ (since a must be an
integer).

Let the least frequently used color be red. The fourth and final step is to
place guards at every red node. Since a triangle is the complete graph on
three nodes, each triangle has all three colors at its vertices. Thus every
triangle has a red node and thus a guard in one of its corners. Moreover,
since the triangles form a partition of P, every point in the polygon is inside
some triangle, and since triangles are convex, every point is covered by a
red guard. Thus the guards cover the entire polygon, and there are at most
[n/3\ of them.

This establishes that [n/3\ guards are sufficient to cover the interior of an
arbitrary polygon. Together with the necessity proved earlier, we have that
g(n)=[n/3\.

ChvdtaVs Proof

The first proof of Chvatal's Art Gallery Theorem was of course given by
Chvatal, in 1975 (Chvatal 1975). His proof starts with a triangulation of the
polygon, as does Fisk's, but does not use graph coloring. Rather the
theorem is proven directly by induction. Although Chvatal's proof is not as
concise as Fisk's, it reveals aspects of the problem that are not brought to
light by the coloring argument, and we will see in Chapter 3 that Chvatal's
argument generalizes in cases where Fisk's does not.

Define a fan as a triangulation with one vertex (the fan center) shared by
all triangles. Chvatal took as his induction hypothesis this statement:

Induction Hypothesis: Every triangulation of an n-gon can be parti-
tioned into g < [n/3\ fans.

For the basis, note that n > 3 since we start with an n-gon, and that there is
just a single triangulation possible when n = 3, 4, and 5, each of which is a
fan; see Fig. 1.7. Thus the induction hypothesis holds for n <6.

Given a triangulation with n > 6, our approach will be to remove part of
the triangulation, apply the induction hypothesis, and then put back the
deleted piece. We will see in the next section that there is always a diagonal
(in fact, there are always at least two) that partitions off a single triangle.
But note that this only reduces n by 1, and if we were unlucky enough to
start with n = 1 or 2 (mod) 3, then the induction hypothesis partitions into
g= l(n- l)/3j = [n/3\ fans, and we will in general end up with g + 1 fans

3 4 5

Fig. 1.7. Triangulations of up to five vertices are necessarily fans.
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Fig. 1.8. No diagonal of this triangulation cuts off exactly three vertices.

when we put back the removed triangle. The moral is that, in order to make
induction work with the formula [n/3j, we have to reduce n by at least 3 so
the induction hypothesis will yield less than g fans, allowing the grouping of
the removed triangles into a fan.

So the question naturally arises: does there always exist a diagonal that
partitions off 4 edges of the polygon, and therefore reduces n by 3? The
answer is no, as established by Fig. 1.8 (this is not the smallest coun-
terexample). Chvatal's brilliant stroke was to realize that there is always a
diagonal that cuts off 4 or 5 or 6 edges:

LEMMA 1.1 [Chvatal 1975]. For any triangulation of an n-gon with n > 6,
there always exists a diagonal d that cuts off exactly 4, 5 or 6 edges.

Proof. Choose d to be a diagonal that separates off a minimum number of
polygon edges that is at least 4. Let k > 4 be the minimum number, and
label the vertices of the polygon 0, 1, . . . , n - 1 such that d is (0,k); see
Fig. 1.9. d must support a triangle T whose apex is at some vertex t with
0 < t < k. Since (0, i) and (k, t) each cut off fewer than k edges, by the
minimality of k we have t < 3 and k — t < 3. Adding these two inequalities
yields k < 6. D

Now the plan is to apply the induction hypothesis to the portion on the
other side of the special diagonal d. Let Gx be the triangulation partitioned
off by d; it has k + 1 boundary edges and hence is a (k + l)-gon (see Fig.

Fig. 1.9. Diagonal d cuts off k vertices in Gv



POLYGON PARTITIONS

Fig. 1.10. Gx is a hexagon.

1.9). Let G2 be the remainder of the original triangulation, sharing d\ it has
n — k + 1 vertices. The induction hypothesis says that G2 may be partitioned
into g'=[(n-k + l)/3j fans. Since k > 4, g' < [(n - 3)/3j = |n/3j - 1.
Thus, in order to establish the theorem, we have to show that Gx need only
add one more fan to the partition. We will consider each possible value of k
in turn.

Case 1 (k = 4). Gx is a 5-gon. We already observed (Fig. 1.7) that every
pentagon is a fan. Therefore, G has been partitioned into [n/3\ — 1 + 1 =
[n/3\ fans.

Case 2 {k = 5). G1 is an 6-gon. Consider the triangle T of Gx supported by
d, with its apex at t. We cannot have t = 1 or t = 4, as then the diagonals
(0, t) or (5, t) [respectively] would cut off just 4 edges, violating the assumed
minimality of k = 5. The cases t = 2 and t = 3 are clearly symmetrical, so
assume without loss of generality that t = 2; see Fig. 1.10. Now the
quadrilateral (2, 3, 4, 5) can be triangulated in two ways:

Case 2a. The diagonal (2, 4) is present (Fig. 1.10a). Then G1 is a fan, and
we are finished.

Case 2b. The diagonal (3, 5) is present (Fig. 1.10b). Form the graph Go as
the union of G2 and T. Go has n — 5 + 1 + 1 = n — 3 edges. Apply the
induction hypothesis to it, partitioning it into g' = [(n — 3)/3j = [n/3\ — 1
fans. Now T must be part of a fan F in the partition of Go, and the center of
F must be at one of T's vertices:

Case 2b.1. F is centered at 0 or 2. Then merge (0,1, 2) into F, and make
(2, 3, 4, 5) its own fan. Now all of G is covered with g' + 1 = [n/3\ fans.

Case 2b.2. F is centered at 5. Merge both (2, 3, 5) and (3, 4, 5) into F, and
make (0,1, 2) a separate fan. The result is g' + 1 fans.

Case 3 (k = 6). Gx is a 7-gon. The tip t of the triangle T supported by d
cannot be at 1, 2, 4, or 5, as then a diagonal would exist that cuts off
4<A:<6 edges, contradicting the minimality of k. Thus t = 3. Each of the
two quadrilaterals (0,1, 2, 3) and (3, 4, 5, 6) has two possible triangulations,
leading to four subcases.

Case 3a. The diagonals (3,1) and (3, 5) are present (Fig. 1.11a). Then Ga

is a fan centered at 3, and we are finished.


