Math 225 class notes

Elizabeth Denne

Proof of the Inverse Function Theorem

1 Inverse Function Theorem

Theorem 1. Suppose that f : R™ — R”™ is continuously differentiable in an open set
containing a and det D f(a) # 0. Then there is an open set V' containing a and an open
set W containing f(a) such that f : V — W has a continuous inverse f~' : W — V which
is differentiable, and for all y € W satisfies

Df ' y) =[Df(f )l

That is, the Jacobian matrix of Df~!(y) is the inverse of the matrix of Df(f~!(y))]~ .
Recall that a function is continuously differentiable if it is differentiable and all partial
derivatives are continuous functions.

Proof. Let A be the linear transformation D f(a) : R" — R™.
Claim 1: Without loss of generality A is the identity, so A(h) = h.
Proof of Claim 1: det D f(a) # 0, so A is invertible. Hence

DA to f)(a) = DIANY(f(a)) o Df(a) = A~ o Df(a) = identity
So if the theorem holds for A=! o f it will hold for f. O
Suppose f(a+ h) = f(a). Then

1f(a+h) = fla) =AW _ [ARI] _ (21| _
1] T ]

But, since f is differentiable at a, limj_,q ”f(“+h)ﬂ£|(|“)*/\(h)” =0

Observation: Using the fact that f is continuously differentiable, we can choose a
rectangle U with a € U such that

1. f(z) # f(a) if x € U and x # a.
2. det f'(x) #0 for z € U.
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oz, for all 4,7 and all z € U.

on?

e We construct the set W as follows. Choose r > 0 such that B,(a) C U. Set
W = B, 5(f(a)). Make sure you choose 7 small enough so that W C f(U). You do this
by picking r < d, where d is the minimum distance from f(a) to f(0U) (the image of the
boundary of U under f).

Fact 1 If y € W and x € 9U, then |ly — f(a)|| < |ly — f(2)]]-

The plan is to

e construct 1,

e construct V,

e show ! is continuous,

e show f~! is differentiable.

We need two more facts to do this.
Let g(x) = f(x) — x. Use Observation 3 and Lemma 2 below applied to g to show:

Fact 2: If z1,29 € U, then ||f(z1) — 21 — (f(z2) — 22)|| < 3|21 — 22]|.
Fact 3: If x1,29 € U, then ||z1 — z2|| < 2||f(z1) — f(x2)]]-

To see Fact 3, use Fact 2 and a property of norms:

1 — zo|| — [ f(z1) — flz)l] < |[f(21) — 21 — (f(22) — 22)]| < %le — x|

e We construct f~! by fixing y € W and finding a unique z in the interior of U such
that f(x) = y. (This turns out to be an application of the contraction mapping theorem,
something you’ll learn in later courses.) Define g(z) : U — R by

n

g(@) = lly = @I = (yi — f'(2))".

=1

By the Extreme Value Theorem, ¢g has a minimum value. (Since g(z) is a continuous
function (as f and norm are continuous) and is defined on a compact set U.) Let z € 9U,
then by Fact 1 g(a) < g(x); thus the minimum is not on the boundary of U.

Let z be a minimum is in the interior of U. This means that 6‘7 = 0 for all 5. We now
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compute —5.= using the chain rule.
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Using Observation 2, we know that det Df(z) # 0 and so each column of the Jacobian

matrix must have at least one non-zero entry. This implies that there is some ¢ for which
%x(_z) # 0, allowing us to conclude that y; — f(z) = 0. This is true for i = 1,...,n and so

y = f(z). We have thus constructed z such that f~1(y) = 2.
Is this z unique? Yes. Assume by way of contradiction that there is z1, zo with z1 # 29
but f(z1) =y = f(22). Then by Fact 3 we see

0 < (|21 — 22| < 2[|f(21) — f(22)|| =0,

hence z; = z9, a contradiction.

e Let V = int(U) N f~1(W). We have thus shown that f : V — W has an inverse
fLw—=v.

e Check f~! is continuous. Rewrite Fact 3 as
Fact 4: For y1,y2 in W, ||/ (y1) — 7 (w2)ll < 2[ly1 — w2,

We show f~!is continuous at y € W. Fix € > 0. We want § > 0 such that 0 <
lly — y1|| < d means that ||f(y) — f(y1)|| < e. Fact 4 shows that § < €/2 works.

e Check f~! is differentiable. Given f differentiable at x € V with u = Df(x), we
show f~! is differentiable at y = f(x) € W and Df~1(y) = u~!. We know

B = f@) = )]

h—0 [|A]|

0.

Let’s rewrite this as f(x + h) = f(z) + p(h) + ¢(h), where ¢(h) is the error, or ¢(h) =
f(x+h)— f(z) — p(h). As f is differentiable we know limj_ H(ﬁ%)ll =0. Now f(z+h)—
f(@) = p(h) + ¢(h) hence
pH(fa+h) = flz) = (u(h) + n~H ((h)
= h+ " (o(h)

We know f(z+ h) =y and f(x) =y and let k = y; — y, so that y; = y + k. Observe that
h = (z + h) — h and rewrite the equation above to get

Py —y) = h) = @)+ p T (g (h).

Rearranging gives

F P ='W+ —y) = Ho(f ) = 1)

or

FTry+k) =) +u k) - N o(f Ty +k) =)



To show that f~! is differentiable at y, we just need to show that

= e(f Ty + k) = )

lim =0.
k=0 [
As p~1 s linear, ||p=1(2)|| < M||z||, so this reduces to showing
-1 1
U R~ N
k=0 1]
But
U k) = I e R — ) R - )l
k=0 1| k=0 |[f7H y + k) = f~H W)l 1|
This limit is indeed 0. [As f~! is continuous we find limy_q ”(ﬁgf,l((yy:kk)) 11((;/))”)" = 0 and

by Fact 4 limy_o - (y+"r]2” "Wl 2]

O]

Lemma 2. Let A C R" be a rectangle and let f : A — R" be continuously differentiable.
If there exists M > 0 such that ||%|| < M for x in the interior of A, then
J

1f(z) = f()ll < n*Mllz —yl|.

Proof. The idea is that if all partial derivatives are bounded, then the function does not
change very much.

Now f(z1,...2) = (fY(21,...,2n), ..., f*(21,...,2,)). For each component function
f* observe that

fi(y)_fi(x):fi(ylaﬂ"yn)_fi(xlw"vxn)

:fi(y1732‘2...,1'n)—fi(.%'l,...,xn)+fi<y1,y2,$3...,$n) —fi(yl,xg...,xn)+...

"+fi(y17"'7y7L)_fi(yla"'ayn—laxn)

Apply the mean value theorem to each pair in the equation to find a z;; € [z}, y;] such
that

Of (#ij)
81']'
< Ml|ly; — ]|

fi(yl,...,yj,ijrl,..-,l’n) _fi(ylv"'aijijrl?"'axn) = (y]—:v])



Then

1/ () = f1 @) < D Mlly; — |

j=1
< nMl|ly — z||

Hence

1f(y) = f@I <1 @) = F @)+ + ) = (@)
< n*Mlly — |

2 Implicit Function Theorem

Theorem 3. Suppose f : R™ x R™ — R™ is continuously differentiable in an open
set containing (a,b) and f(a,b) = 0. Let M be the m x m matriz whose ijth entry is

Dyyifi(a,b) = OF (a,b) for 1 <i,j,< m. If det M # 0, there is an open set A C R"

OTpyj
containing a and an open set B C R™ containing b, with the following property: for each

x € A, there is a unique g(x) € B such that f(x,g(x)) = 0. The function g is differentiable.




