Math 225 Midterm Exam 2

Solutions

1. (3+3=6 points) Find the Jacobian matrix D f for the following functions.
(a) f:R3 — R? given by f(u,v,w) = (v*vw — sinu, (u + v)* — 5+ w?)

2uvw — cosu u?v uw

Df(u,v,w) = 4(u+v)3 4(u+v)® 3w?

(b) f:R — R3 given by f(t) = (2cost,4sint,t3 — 7).
—2sint
Df(t)= | 4cost
3t

2. (2+4+340+3=12 points) Consider the function f: R* — R

P (l‘a?/) # (an)
x,y) =13 * 1Y )
Ty {o () = (0,0)

(a) Find g—i when (z,y) # (0,0).

01 (0.0 = y(@® +y?) — 2a(zy) Y’ —a®y
or "’ (22 + y?)? (22 4 y2)?

(b) Find % when (z,y) = (0,0). (Hint: use the definition of a partial derivative.)
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(c)

For what points (x,y) € R? is % continuous? (Explain your answer.)
Answer: % is continuous for those (a,b) for which

e =),

im
(z,y)—(a,b) Ox

For (a,b) # (0,0), % is a quotient of polynomial functions with nonzero denom-
inator, so is continuous. For (a,b) = (0,0), consider approaching (0,0) along
two different paths. First, the path y = 0, then

lm —(z,0)= lim —= lim 0=0.
(2,5)—(0,0) ax( ) (2,0)—(0,0) T2 (2,0)—(0,0)

However, approaching (0,0) along the path y = 22 gives

22 (2t — 2?) rH(2? —1)
m LW Ty, T 14
Caton) @ AT waton 0227 T

Hence % is not continuous at (0, 0).

Note that similar arguments will find % at all points in R?, and will find the

points (z,y) € R? where % is continuous. (There is nothing for you to do here,
but you might be able to use this comment.)

Find the points (z,y) € R? where f differentiable. (Explain your answer, clearly
stating any theorems you use.)

Answer: Recall the theorem that states that: If all partial derivatives of a
function f exists in an open set about a fixed point a and if each partial derivative
is continuous at a, then a f is differentiable at a. In parts (c) and (d) we
proved that these conditions are fulfilled for (x,y) # (0,0) and so the function
is differentiable (z,y) # (0,0).

The contrapositive of this theorem is the following: If a function f is not dif-
ferentiable at a point a, then either all partial derivatives of a function f do
not exist an open set about a fixed point a or each partial derivative is not
continuous at a. (Not that the negation of “and” is “or”.)

The converse of this theorem is FALSE. Many of you tried to use this to prove
that f is not differentiable at (0,0). If a partial derivative is not continuous
at a point, we DO NOT KNOW if the function is differentiable or not. If
we know a function is differentiable at a point, then all we know is that the
partial derivatives exist, not whether they are continuous or not. So if a partial
derivative exists, but is not continuous, then this tells us that we can’t use the
theorem stated above, we have to try something else. Note that Question 1 of
HW 6 gives you two examples of functions that are differentiable at (0,0) but



whose partial derivatives are not continuous at (0,0). If we know a function is
differentiable at a point, then all we

We thus need to use a separate argument to show that f is not differentiable
at (0,0). Namely, recall the theorem you proved in your HW: If f is differentiable
at a, then f is continuous at a. The contrapositive of this theorem states that
if f is not continuous at a, then f is not differentiable at a. It is easy to check
that our function f is not continuous at (0,0). Approach (0,0) along the path
z = 0, then

im Y= lm %= lm 0=0
(x,y)—(0,0) 0 +y (z,9)—(0,0) ¥ (z,9)—(0,0)

Approach (0,0) along the path z = y, then

2 2

lim —w————= Ilm —= Ilm L = 1 # 0.
(@2)—=(0,0) 22 + 22 (2)—(0,0) 222 (22)—(00)2 2

3. (2+2+4=8 points) Consider the function f: R — R defined by f(z) = z°.

(a)

For what values of x is f a one-to-one function? For these values, what is the
inverse function f~' : R — R.

Answer: f is 1-1 for each z € R. Proof. Assume 23 = x3. Then 0 = z§ — x3

s0 0 = (z1 — x2) (22 + 129 + 23). This is only true if z; — z2 = 0, or if 1 = x.
(As 23 + 179 + 23 = 0 has no real roots.)
As f is 1-1 everywhere is has an inverse f~!(y) = Y.

For what value(s) of x is det D f(z) = 0?7 (Here Df(x) is the Jacobian matrix
of f at x.)

Answer: Df(z) = [32?], so det Df(z) = 32% and det D f(z) = 0 if and only if
z=0.

Why do your answers to (a) and (b) not contradict the Inverse Function Theo-
rem?

Answer: The InFT can only be applied at a point a when f is continuously
differentiable in an open set containing a point a and when det D f(a) # 0. Here
f is continuously differentiable everywhere and det D f(x) # 0 for all x # 0. At
these points f has an inverse which is continuously differentiable (/).

The InFT can not be applied at x = 0. This does not mean that there is not an
inverse, just that we can’t use the InFT. Indeed there is an inverse! However
we do know that the inverse in at 0 cannot be differentiable. (If it were, then
this would give a contradiction to the InFT - see class notes and Spivak p. 39.)
A calculation gives (f1)(y) = & —2/y = %%\%, which is undefined at y = 0.



4. (7 points) Let g : R® — R be the function defined by g(z,y,2) = 1 +x — y? — 22
and let ¢g71(0) = {(z,v, 2) | g(x,y, z) = 0}. Explain why ¢—1(0) is a smooth (that is,
differentiable) surface in R3.

Answer: The aim is to use the general Implicit Function Theorem. We first check
that the conditions for the theorem are met. As

Dg(x,y,z) = [1 —2y 722] ,

we see that all partial derivatives are continuous at all points, so f is continuously
differentiable. The rank of Dg is 1. In particular % # 0 for all (x,y,z). Hence if
we take a point (a,b,c) with g(a,b,c) = 0, then we may apply the general ImFT.
Thus there is an open set A C R? containing (a,b,c) and a differentiable function
h: A — R3such that foh(x,y,2) = (y,2). In particular x is implicitly a differentiable
function of y and z, we might have written g(f(y, 2),y, z) = 0 for all (y, z) near (b, c).
Thus in a neighborhood of (a,b,c), g~1(0) is a smooth surface.

Note that in our case we can actually write f explicitly! f(y,2) =z =y* + 22 — 1.

Also note that the regular Implicit Function Theorem only gives part of g~1(0) as
a smooth surface. Since M = [%] = [—2,2], we may only apply the theorem when
z # 0. (This leaves out a part of the surface.)

5. (6 points) Let f:[0,3] x [-1,1] — R be defined by

2 ifz<3
flx,y) =<3 if%<x<2
-1 ifz>2.

Is f integrable? If so, find fog ] x[—1,1] f.

Answer: Note that f is a function of 2 variables, so z = f(x,y). This question is
not too different from HW 8 question 2.

First pick € > 0. Second partition [0,3] x [—1,1] into sub-rectangles. We need to
separate out the places where f is discontinuous, namely the line segments x = %

and x = 2. Let’s take 5 subrectangles and work out mg(f) and Mg(f) for each.
0,3/2 —¢€/21] x [-1,1], mgl(f) =2= Mg, (f).

=

=[3/2—¢/21,3/2 + €/21] x [ ,1], mg, (f) =2 and Mg, (f) = 3.

= [3/2+¢€/21,2 — €/21] x [ ] ms, (f) =3 = Mg, (f)
S4—[276/21 2+6/21] [—1 ]msl() —1 and Mg, (f) =3.
Ss = [2+€/21,3] x [-1,1], msl(f):—l—Msl(f)

The lower sum is

L(f,P)=2(3/2—¢/21)2 +2(2¢/21)2 + 3(1/2 — 2¢/21)2 + (—1)(2¢/21)2 + (—1)(1 — ¢/21)2
=6 —4¢/21 + 8¢/21 + 3 — 12¢/21 — 4¢/21 — 1 + 2¢/21
=7—10¢/21



The upper sum is

U(f,P)=2(3/2—¢€/21)2 + 3(2¢/21)2 + 3(1/2 — 2¢/21)2 + (3)(2¢/21)2 + (—1)(1 — €/21)2
=6 —4¢/21 4+ 12¢/21 + 3 — 12¢/21 4+ 12¢/21 — 1 4 2¢/21
= 7+ 10¢/21

Third, U(f, P) — L(f.P) = 20¢/21 < ¢, hence f is integrable.
Finally, for all € > 0,

7—10¢/21 < sup{L(f,P)} < inf{U(f, P)} <7+ 10¢/21.

Ths fiy o1y £ = sup{L(f. P)} = imf{U(F. P)} =17
6. (3+3=6 points)

(a) Let B = (—v/2,4] C R. Does B have measure 07 Why or why not?
Answer: B does not have measure 0.
Take any cover Uy, Us,... of B by closed intervals. As B C |J,U; and v(U) =
4 4+ /2, we know >, v(U;) > 4 + /2. Pick € = 2, then every cover of B has
Yo v(Us) > 2.

(b) Let C = {(z,y,2) |z € [0,3],y € [0,3],2 =2} C R3. (So C is a square piece of
the plane z = 2 in R3.) Does C have measure 0?7 Why or why not?
Answer: C has measure 0.
Pick € > 0. Take a cover of C to be the single rectangle

U =0,3] x [0,3] X [2— €/20,2 + ¢/20].

Then v(U) = (3)(3)(2¢/20) = 18¢/20 < €, hence C has measure 0.



