Math 225 Homework 10

Deadline 5pm Friday May 1, 2009. No extensions given.

. Find the determinant of the Jacobian of the following functions. Look familiar?
(Hint: the trigonometric identity cos? A + sin? A = 1 will be very useful.)

(a) f:R3 — R3 defined by f(p,0,$) = (psin ¢ cos b, psin ¢sin b, pcos ¢)
(b) g:R3 — R3 defined by g(r,0, z) = (rcosf,rsinf, z).
. Find the image of the disk u? + v? < 1 under the transformation = = au, y = bv.

. Use the transformation x = 2u+wv, y = u+ 2v to evaluate the integral ffR(:L‘ —3y)dA,
where R is the triangular region with vertices (0,0), (2,1) and (1, 2).

. Find the area of the ellipse 922 + 4y% = 1. Do this by using an appropriate change
of variables. (Hint: What is the area of a circle of radius 17?)

. Evaluate [ f R3 e 2y dA where R is the parallelogram enclosed by the lines z — 2y = 0,
T — 2y =4, 33: —y =1, 3z —y = 8. Do this by using an appropriate change of
variables.

. Proof of Clairut’s Theorem
Clairut’s Theorem states that if a function f : R” — R has %(53{ ) and 62 (883{1)

continuous in an open set containing a point a, then W( a{ )(a) = ax ( ad xf )(a).
i J

In this question, we’ll prove Clairut’s Theorem using Fubini’s Theorem and the Fun-
damental Theorem of Calculus.

Assume that f : R? — R and that -2 o ( ) and -2 (a—f) are continuous on the rectangle
A [5170,171] [y()vyl]

(a) Compute [, Z(5) = [ (;{3 %(ay)da;) dy.

(b) Compute fA 7 (5 f) = Juo (ffol a%(%) dy) dx.
(¢) Compare your answers to (a) and (b) and you'll see [, 2(3L) = [, £ 3y ) We

now claim that this means dx(gi )= 8y( 8z) for all points (3; y) € A Prove this
claim in the following way:



By way of contradiction assume that there is a point (a,b) € A such that

0 0 : . 0, 0
C%(a—i)(a, b) # a%(a—i)(a, b). Without loss of generality assume 6%(6—];) > 8%(8—5).
i. Show that there is an open set containing (a, b) in A with 8%(6—5) > 8%(3—];).
(Hint: This is a one line proof.)
ii. Compute |, %(%) - 8%(%). What do you notice?
7. Find a parametrization for the line between points (aq,as, ..., a,) and (b1, ba, ..., bs)

in R™. (Explain how you got it.)
8. Evaluate the following line integrals.

(a) Jo x1y3ds, where C is the curve x = 4sint, y = 4cost, z = 3t from t = 0 to
t=m/2.

(b) Jolz+yz)de+2x dy+xyzdz, where C' is consists of line segments from (1,0,1)
to (2,3,1) and from (2,3,1) to (2,5,2).

(¢) [, F-dr, where F(z,y,2) = 2i—zj+yk and C is given by r(t) = 2ti+ 3tj — t?k,
—1<t<1.

9. Determine whether or not F is conservative vector field. (That is, whether F = V f
for a function f.) If it is, find a function f such that F = V f.

(a) F(z,y) = ze¥i+ ye'j
(b) F(z,y) = (ye® +siny)i+ (e + zcosy)j
10. Find a function f such that F = V f, then use it to evaluate fCF - dr. Here,

F(z,y) = yi+ (z + 2y)j and C is the upper semicircle that starts at (0,1) and ends
at (2,1).

11. Show that the line integral fC tany dr 4+ x sec? y dy is independent of path and then
evaluate the integral. Here C' is any path from (1,0) to (2,7/4). (Note: you’ll need
to be careful about the region that the path is in.)



