Midterm 1 review problems

Math 211: last modified 9/27/09

These questions are designed to help you study for the first midterm exam. There is
a variety of length and difficulties. I’ve included how many points I'd assign to each
question, just like it was an actual exam. The questions on the exam may be different to
the ones you see here. It is a very good idea to go over the questions you have done on the
homework and make sure you understand the basic concepts of each section. Also make
sure you understand where you went wrong on any homework questions that were marked
incorrect.

1 Problems

1. (a) (4 points) Compute the row-reduced echelon form (rref) of the matrix

01 ] 100
2 11010
211001
(b) (4 points) Your computation in (a) gives the inverse of a 3 x 3 matrix A. What is
A and what is A=1?
(¢) (2 points) Use the matrices A and A~! of (b) to solve the linear system represented
3
by AZ = b, where b = |—1|. Check your work by verifying that the entries of ¥ actually
2
satisfy that linear system.

w O O

2. Let ¥y, U, U3 be the following vectors in R*:

W g O =

Let V be the linear subspace of R* spanned by ¥, ¥, U3.
(a) (2 points) Write a matrix whose image is V.



(b) (5 points) Find a basis of V. (Hint: what is a basis?)

-1

(c) (3 points) Is the vector in V?

3. For each of the following 10 assertions write True if the assertion is true and False if
the assertion is false. Fach is worth 1 point. For this question only there is no need to
justify your answers. (Of course you are doing this as a practice for the exam, so please
make sure you could justify your answers if you were asked to.)

1.

2.

10.

If the linear system AZ = b has a unique solution, then A must be a square matrix.
Reflection about the line  +y = 1 is a linear transformation of R2.
A linear transformation from R™ to R™ always has infinitely many solutions if n > m.

If A is a matrix such that AAAAA = I, then A is invertible.

. If A in an invertible matrix and B is a matrix such that AB is a zero matrix, then

B is a zero matrix.
If A and B are invertible n x n matrices, then (A + B)(A — B) = A? — B2

Suppose a linear system has coefficient matrix A and augmented matrix B. If the
system is consistent, then rank(A) = rank(B).

If the vector 4 is a linear combination of vectors ¥ and w, then @ must be a linear
combination of ¢ and 7.

If vectors ¥y, U, U3, Uy are linearly independent, then vectors ¥s, 3, U4 must be linearly
independent as well.

The set {Lﬂ : xis an integer} (infinitely many vertical lines at = = 0, x = +1,

x ==2...) is closed under vector addition.

4. (4 points) Given the linear system

T, — (29 + 3x3 — 224 = —3
201 —Txs+5x4 =7
21‘2 — 81‘3 — 7.7}4 =38

(a) Write down the corresponding augmented matrix



(b) Write down the corresponding matrix equation AZ = b.

(¢) Multiply out your answer to part (b) using the “column” method of multiplication.

(d) Use your answer to (c) to find a solution of this system without doing any
calculations.

5. Given the matrices

50 1 6 8 4 70
A:[g(l):ﬂ B=|0 13 —4| C=1{01 9 4 D:[;ﬂ
101 0 3 5 31
compute the following if they are defined. When they are not defined give reasons why.

(a) A—5B

(b) AB

(c) BC

(d) D!

1 0 1 =2
-3 1 -3 0
2 0 2 =2

7. (a) (3 points) Write down the general solution of the system with augmented matrix

1500 |1
0010 | 2
000110
and then express it as a sum of vectors.
1 0 1
8. Determine whether or not the matrix A = |1 —2 2 | is invertible. If it is, then find
2 1 =3

the inverse.

9. (6 points) Determine whether or not the following subset S are subspaces of the given
R"™. You must give reasons for your answers.

a—2b
(a) S = b—2c| : a, b cinR}, S asubset of R3.
50+ ¢



(b)S:{Lﬂ : —1<z<1and —1§y§1},5asubset0fR2.

10. Consider a solution ] of the linear system AZ = b. Justify (prove) the facts stated in
parts (a) and (b)

(a) If i, is a solution of the system AZ = 0, then & + & is a solution of the system
AZ =b.
b )

If 7 another solution of the system Ar = l_;, then #9 — #1 is a solution of the
system AT

—

is
=0.
11. Here are some questions which require short answers.

(a) Consider three linearly independent vectors 7, Uy, U3 in R™ are the vectors vy, U1 +
iy, U1 + o + U3 linearly independent as well? How can you tell?
o

(b) Consider three linearly independent vectors o1, U2, U3 in R*. Find rref |7 v 3.
.
(c) Is it true that if vectors u, v, are linearly dependent, then @ must be a linear
combination of ¥ and 4?7 Why?
(d) Is is true that if @, U, @ are in a subspace V of R™, then 24 — 3¢ + 4% must be in V'
as well? Why?

12. Consider a square matrix A with ker(A?) = ker(A4?). In the homework exercises you
proved that ker(A3?) = ker(A*). Is it also true that ker(A*) = ker(A%)? You must justify
(prove) your answer!

2 Very brief answers

These are just meant to help you check to see if you are on the right track. They are not
really sufficient for an exam.

100 ]| 0o -1/3 1/3
1. (a) |0 1 0 | —-1/2 1/2 0
001 | 1 0 0
001 -1/3 1/3
b)A=10 2 1|and A~ t=|-1/2 1/2 0
321 1 0 0



(c) T= A5 = |—2|. Check using substitution.
3
1 1 -1
Lo 4 6 2 Lo —
2. (a) A = [th1hvs] = N Once you know that ¥ is a linear combination of
2 3 1

01 and U, then you can use [7s].
(b) A basis of a subspace is a collection of linearly independent vectors which span the
subspace. The columns of A span im(A) = V. We need to remove the redundant vectors.

1 0 —4]
01 3 Lo . N S - -
Now rref(A) = 00 ol Hence ¥3 is a linear combination of ¢; and #5. The basis is
0 0 0]
just (51, ’52)
11 ] —-1] 10| =5
c) rref 46 ] 4 = 0 1] 4 , hence the vector is a linear combination
5 7 | 3 001 O
2 3| 2 001 O

of ¥ and U (which one?) and so in in V.

B.FFFTTFTFTT (questions about why? please ask!)
1 -7 3 —2 | -3
4. ()2 0 -7 5 | 7
0 2 -8 -7 | 8
1 -7 3 =21 [ T[-3
w2 0 -7 5| | =|7
0 2 -8 —7] | 8
x4 | -
1 -7 [ 3] —2 -3
()xy |2 +x2 | O | a3 |—T| 424 |5 | =17
0 2 = —7 8
0
- 0
@e="
0
5. (a) not defined (b) [_91 (1) _21 iﬂ (c) not defined (d) [_21 _47]

1
6. |0
0

O = O
o O =
= o O



1 1— 5t I 1 -5
2| t 2| 0 1
Tolal =1 2 [ el T 2l T o
T4 0 T4 0 0

8. yes it is invertible. Find rref[A | I3]. Check your answer by multiplying!
9. (a) Yes it is a subspace. Two ways to check this.

a—2b 1 -2 0 a
(I) Observe S = b—2c| : a,b,cinR ) = 0 1 =2||b|l: abcinkR
50+ ¢ 0 5 1 c
1 -2 0
Thus S=4m | |0 1 —2] |. In class we proved that the image of an n x m matrix is
0 5 1

a subspace of R™, hence S is a subspace of R3.

0-2-0
(IT) Check the three properties of a subspace. 0= |0—2-0[,henceisin S. Take 71, T
5 0

0+
al — 2b1
in S. Then there are constants a1, by, ¢1 and as, ba, co such that 1 = | b1 — 2¢1 | and Ty =
5b1 + 1
_CLQ — 2by (a1 — 2[)1) + (CLQ — 2b2)
by — 2¢o | . Then #1+5 is also in S. Why? Because #1472 = | (b1 — 2¢1) + (be — 2¢2) | =
_5b2 + c2 (561 + Cl) + (5[)2 + Cg)

[(a1 + az2) — 2(b1 + b2)

(b1 + b2) — 2(c1 + c2) | . Hence we have found constants. (a1 +ag, (b1+b2), (¢1+c2) which
| 5(b1 + b2) + (c1 + c2)
satisfy the conditions. A similar argument will show that if Z isin S, then k% is in S. Please
ask if you need help with this.

(b)S:{B] : —1<z<1and —1§y§1},8asubsetofR2.

This is not a subset. It is not closed under addition, nor scalar multiplication. Take

U= [ﬂ in §,sothat —1 <ax <1and -1 <y < 1. Then 37 = Bi

]. It is not necessarily
the case that —1 < 3z < 1. Just take x = 1/2.

10. (a) We know that A, = 0 and AZ; = b. We want to show A(Z) + ),) = b. Now
A(Z1 + T),) = A(Z1) + A(Z) = b+ 0 = b and we are done.

(b) We know that AZ; = b and AZ, = b. We want to show A(Zo — #1) = 0. Now
A(Zy — 1) = A(Z)) — A() = b— b= 0 and we are done.

11. (a) Consider three linearly independent vectors ¥, va, 03 in R™ are the vectors
U1, U1 + U, U1 + U5 + U3 linearly independent as well?

Yes. We know c19] + cotp + ¢33 = 0 means that c1 = 0 = co = c3 is the only
solution. Now assume dj0] + do(¥ + Ua) + d3(¥ + U + U3) = 0. To prove the vectors



linearly independent, we must show that dj = 0 = dy = d3 is the only solution. Now
6 =divh + dg(l_fl + 172) + dg(l_fl + Uy + 173) = (dl +dy + d3)’L71 + (dQ -+ d3)172 + d3v3. Vectors
U1, Us, U3 linearly independent means d; + ds + ds = 0, dos + ds = 0 and d3 = 0 are the only
solutions. But as d3 = 0, this implies that dy and di are zero as well.

.

(b) Consider three linearly independent vectors ¥y, ¥a, 3 in R*. Find rref |7, @, 3

From class we know that the n x m matrix whose columns are linearly independent

must have rank m. Hence rref |07 Uy U3| =

(c) Is it true that if vectors i, v, are linearly dependent, then W must be a linear
combination of ¥ and u?

No. @ and ¥ may be parallel and @ some other vector not parallel. Example ¥ = é1,4 =
251 and W = 52.

(d) Is is true that if @, U, @ are in a subspace V of R", then 2@ — 3¥' + 4% must be in V'
as well?

Yes. A subspace is closed under scalar multiplication, hence 2, —3% and 44 are in V.
A subspace is closed under addition, hence 2@ — 37 + 4w must be in V.

12. Consider a square matrix A with ker(A42?) = ker(A3). In the homework exercises
you proved that ker(A3) = ker(A*). Is it also true that ker(A?) = ker(A®)?

This is true. How do you prove it? Go look at the solutions to section 3.1 question
50. Your argument should mimic this proof very very closely. Please as if you need more
help with this. I also discuss this problem in the “careful reasoning” handout found on the
webpage.

O = O O

0
1
0
0

o O o

These solutions are brief and in some cases you’ll need to give more details on
an exam or homework assignment. Questions? Don’t hesitate to ask!



