The spread of an infection through a region

Shortcomings of the ST R model

In the original STR model we have

dsS
dl
— = alS —bl = al(t) - S(t) - bI(),

where S(t) is the number of susceptibles, and I(t) is the number of infected,
at any time t.

We can interpret the first equation as saying that susceptibles fall ill
at the per capita rate' al(t) which depends on the number of infected.
The multiplier a is a constant that gives us a measure of the effect that
infected have on susceptibles. The minus sign indicates that people leave
the susceptible population as they fall ill.

The second equation has two terms. The first just indicates that losses
—alS from the susceptible population turn into gains +al.S for the infected
population. The second term indicates that the infected recover (or are
“removed” from the infected population) at the constant per capita rate b.

One of the shortcomings of the original model is that it makes no attempt
to indicate that the infected have the greatest influence on the susceptibles
that are geographically closest to them. In fact, it ignores the possibility
that the populations are spread over a region and that it takes time for an
infection to spread across that region. We now develop a refinement of the
original STR model that addresses these shortcomings.

Extending the STR model to a region

Let’s suppose we want to follow the course of an infection through a city
that occupies a region R in the zy-plane. Let p = (z,y) represent a point
(or a vector) in R, and let ||p|| = v/22 + y? be the length of this vector. To
indicate that S and I now vary from point to point in R, write

S=S8(t,p) =S(t,z,y) and I=1I(t,p)=1(t x,vy)

We interpret S(¢,p) to be the density of the susceptible population—for
example, in persons per square mile—in a small square centered at p at the
time ¢. Interpret I(¢,p) and R(t,p) similarly. Using the original expression

!The per capita rate of change of the population S is S’/S; in this case, S'/S = —al.



—alS as a model, we will say that the rate at which infected at one point
P affect susceptibles at another point p is

—a(p, P)I(t,P) - S(t,p).

As it must, the multiplier ¢ now depends on the locations of both the sus-
ceptible and the infected.

Of course it is the combined effect of the infected I(¢, P) at all points P
that determines the rate at which susceptibles S(¢,p) at the single point p
fall ill. This combined effect is given by the integral

) = [[ a2 P) - S(1.p)ap
R
// a(p, P)I(t, P)dP | - S(t,p).

To get the evolution equation for I(t,p) we’ll continue to assume the
infected recover at a per capita rate b that is the same at all places (and
thus is a constant):

// a(p, P)I(t,P)dP | - S(t,p) — bI(t,p).

Remember that P is a vector (let’s say P = (X,Y)) so the integral that
appears here is a double integral; in terms of the components z, y, X, and
Y of p and P, respectively, it has the form

//a(x,y,X, Y)I(t,X,Y)dXdY.

However, we’ll usually keep the vector form because the expression is simpler
and usually easier to read.

Simplifying the new model

There are several practical steps we can take to simplify these partial differ-

ential equations—in particular, we can eventually eliminate the integrals.
Consider first the function a(p, P) that tells us how much an infected at

P affects a susceptible at p. It is reasonable to think that the effect shouldn’t



depend on the particular points P and p, but only on the distance ||P — pl|
between them. In other words, we should be able to write

a(p, P) = A(||P —pl|)

for some suitable function A of the single vari-

able z = ||P — p||. Furthermore, A(z) should A
be largest when P is near p, that is, when
z = ||P—p|| is near 0. Therefore, the graph of
A(z) should look something like the graph on
the right. In the absence of any exact knowl-
edge about A, let’s assume that the effect is
zero beyond a certain small distance 9:

AP =pl)) if|P—pl[ <0

0 otherwise

AWP—MDZ{

Thus

[[awprae.prap = [ aqp-piyre.pyap = [[ sp-pire.pyap
R R D,

In these integrals, P varies while p is fixed. The domain of the last integral
is the disk D, of radius § centered at the point p in the P-plane.?

Let’s now make the coordinate change () = P — p. This translates the
point p in the P-plane to the origin in the Q-plane, so it translates the disk
D, to the disk Dy of radius J centered at the origin. Since d@) = dP and
P = p+ @, our integral becomes

//f(HQH)I(t,erQ) aqQ.
Do

In this integral, @ is restricted to the disk of radius § centered at the
origin, so [|@Q] is small. We could therefore write I(t,p + Q) ~ I(t,p).
Since I(t,p) does not depend upon the integrating variable @, the integral
simplifies to

/ / FUQIDIGp + Q) dQ ~ I(t.p) / / F(IQI) dQ = al(t,p).
Do Do

2If p is close to the boundary of R we must remove from D, any part of it that extends
outside R.



Here « is the integral of f(||Q||) over Dy; it is a positive number whose
actual value doesn’t concern us. The evolution equation for S becomes

O_S(t7p) = —al(t,p) - S(t,p),

ot
and this is essentially the same as the original differential equation—we’ve
gained nothing!

The approximation I(t,p + Q) =~ I(t,p) is, in effect, the zeroth-order
Taylor expansion of I(¢t,p + @) as a function of . We will get a more
useful approximation, however, by using the first- or second-order Taylor
expansion. If we let @ = (u,v), then the second-order Taylor expansion is

Itz +u,y+v) = I(t, 2,y) + L(t, z,y)u + Ly(t, =, y)v
+ %(Imm(ta z, y)u2 + QI:Ey(ta z, y)’LL’U + Iyy(ta z, y)U2),
or I(t,p+Q)~I(t,p)+ Ls(t,p)u+ Iyt pv
+ %(Im(t,p)u2 + 21 (t, p)uv + Iyy(t,p)vz).
(In a moment we’ll see why we don’t stop with the first-order approxima-

tion.) With this expression for I(¢,p + ) we can approximate the original
integral by a sum of six:

Z / FUQIDIEp + Q) dQ ~ I(t,p) ! / £ (VTR dudot
e ZO/uf (\/W) dudv-t--+51 (t, p) ZO/ v f (W) dudv.

We put the various factors I(¢,p), ..., %Iyy(t,p) outside because they do
not depend on the integration variables v and v. Since each of the integrals
is just a number a1, ..., ag, we can write the expression more simply as

all(t,p) + agfx(t,p) + agfy(t,p) + CL4Ix$(t,p) + a5I:cy(t7p) + aﬁ—[yy(t,p)

Note that aq is just «, introduced above. Moreover, we will now show
az = a3 = az = 0. (And then, because ag = a3z = 0, the first-order terms will
disappear; this explains why there is no point stopping with the first-order
Taylor approximation.) To calculate the integrals we’ll use polar coordinates
because the domain of integration has circular symmetry:

U =7 cosf v=rsinf dudv =rdrdf VuZ+ov2=r



In polar coordinates the disk vu2 + v2 < § is the described by the simple
inequalities
0<r<S§, 0<6<2r.

2w 6
Therefore ay = // uf (\/ u? 4+ 112> dudv = / / rcosf f(r)rdrdd
o Jo
Do

2T é
:/ cos&d@/ r2f(r)dr = 0.
0 0

The value is zero because the integral of cos 8 is zero. In a3, a sine function
appears instead of a cosine, but the result is still zero. For a5 we have

2 1
as = // wf (« /u2 + v2) dudy = / / r2 cos@sin 6 f(r) rdrdf
o Jo
Do

2m g
:/ %sinQGd@/ P 1(r) dr = 0,
0 0

because the integral of sin 26 is zero.
It is also true that a4 = ag. To see this, note first that

21 )
ay = // u’f (\/ u? + 02) dudv = / / r? cos? 0 f(r)rdrdd
5 o Jo
27 )
= / cos20d9/ r3f(r)dr
0 0

27 o
Next, ag = // v f (\/ u? + 112> dudv = / / r?sin? 0 f(r) rdrdf
o Jo

Do
27 é
= / Sin29d0/ r3f(r) dr.
0 0

2m 2m
But / cos? 0df = / sin 0 dh =, so ay = ag, as we claimed.
0 0
We can now summarize our results in terms of the original integral:

/ / a(p, P)I(t, P)dP = ol(t,p) + B(Lu(t,p) + Ly (t,p)) = oI + BV
R

5



where o = a1 and 3 = a4 = ag are certain positive constants that depend
on the multiplier function a(p, P) = f(||P —p||). The actual values of « and
6 need not concern us. We have also used the Laplacian

921 02T

VI(t,p) = Li(t,p) + Ly (t,p) = 7= (t,p) + a2 (1)

922

to simplify the expression further. If we now replace the integral in the
evolution equations by ol + V2, we get

os )
ar )
5 = (ol + BVA)S — L.

or, more fully,

2 (4.9) = ~lal(t,p) + GV IS (t,p)
O t,9) = lal(6,) + BV (1, P)IS(2,p) — BI(1,p),

Thus the effect of considering spatial interactions between susceptibles and
infected is to add the diffusion term B(V?I)S to the model.
Difference equations

To solve the evolution equations, we convert them to difference equations in
the usual way. If we let Ay = Ax, then the equation

Sy = —[al + B(Ipy + I,)]S

becomes S(t+At,:E,y) B S(t,ﬂl’,y) _

At

_ [al(t, vy) + 8 (I(t, z+ Az, y()AZ)IQ(t, v — Az, y)

I(t,x, A I(t,x,y — Ay) —41(t, x,
+( y + Ay) + ((Ax)% y) ( y>>]5(t,x,y)

+

If we set v = 8/(Ax)? and define I (¢, z,y) =

I(t,z + Az,y) + I(t,z — Az, y) + I(t, 2,y + Ay) + I(t, 2,y — Ay),



then we can rewrite the last equation expressing the single “future” value
S(t + At,x,y) in terms of the others:

S(t+ At,z,y) = S(t,x,y) — At S(t,z,y)[(o — 4)I(t, 2, y) +~I T (t,z,y)].

(We use I'™ to denote the sum of the values of I at the indicated four points
because those four points are arrayed around (¢,z,y) in the shape of the
plus sign +.)

We can make use of what we’ve already done to write the corresponding
difference equation for I:

I(t+ At,z,y) = (1 = bA)I(t,x,y) — (S(t + At,z,y) — S(t, z,y)).

Computer implementation

For simplicity we assume that the region R is a rectangle

The assumption that there is no migration in or out of the region translates
into the following boundary conditions:
No one crosses the vertical edges © = a or x = b: for all ¢ and y,

0S8 oS oI oI

%(tﬁl,y) = %(t b, y) = %(t, a, y) = %(u b, y) =0

No one crosses the horizontal edges y = ¢ or y = d: for all ¢ and z,

a8 oS ol ol
a_y(taxv C) - 8_y(t’l"d) - 8_y(t’$’c) - 8_y(t’l"d) =0



